Since the theory of rough sets was introduced by Zdzislaw Pawlak, several approaches have been proposed to combine rough set theory with fuzzy set theory. In this paper, we examine one of these approaches, namely fuzzy rough sets, from a lattice theoretic point of view. We connect the lower and upper approximations of a fuzzy relation R to the approximations of the core and support of R. We also show that the lattice of fuzzy rough sets corresponding to a fuzzy equivalence relation R and the crisp subsets of its universe is isomorphic to the lattice of rough sets for the (crisp) equivalence relation E, where E is the core of R. We establish a connection between the exact (fuzzy) sets of R and the exact (crisp) sets of the support of R. Additionally, we examine some properties of a special case of a fuzzy relation.
Introduction
The notion of fuzzy sets and rough sets both extend the concept of traditional (crisp) sets by incorporating that our knowledge may be uncertain or incomplete. However, these approaches address the problem of imperfect information in a different way.
Rough sets were introduced by Zdzislaw Pawlak [1] , and they use the lower and upper approximations of a (crisp) set based on the indiscernibility relation of the elements. Given a reference set A in a universe U and an equivalence relation R ⊆ U × U , the lower approximation of the set A is
and the upper approximation of A is
where [x] R is the R-equivalence class of an element x. The pair (A R , A R ) is called the rough set corresponding to the reference set A and (U, R) is called an approximation space. The rough sets corresponding to this approximation space (U, R) can be ordered with respect to the component-wise inclusion, and they form a complete lattice with several particular properties denoted by RS(U, R), see e.g. [2] , [3] and [4] .
The theory of fuzzy sets was introduced by Lotfi Zadeh [5] . Traditional (crisp) sets can either contain an element of the universe or not contain the element. Fuzzy sets define a membership function instead, the value of which can range from 0 to 1. Therefore, the membership function of a set A is given by a map µ A : U −→ [0, 1]. The membership degree 0 means that the element is certainly not a member of the set, and a membership degree of 1 means that the element is certainly in the set.
The first approach to integrate the two main theories of granular computing, the theories of fuzzy sets and rough sets, relates to the work of Dubois and Prade [6] . The proposed lower and upper approximations for fuzzy sets are defined using the t-norm Min and its dual co-norm Max. Using the symbolic notation introduced by Yao in [7] , the fuzzy rough set of a fuzzy set Γ is defined with µ apr R (Γ) (x) = inf{max(µ Γ (y), 1 − µ R (x, y)) | y ∈ U }, µ apr R (Γ) (x) = sup{min(µ Γ (y), µ R (x, y)) | y ∈ U }, where U denotes the universe set, R is the symbol for a fuzzy similarity relation and the family of all fuzzy equivalence classes is denoted by U/R. As the definition shows fuzzy rough sets are rough sets having fuzzy sets as lower and upper approximations. As crisp sets are special cases of fuzzy sets, the given definition can also be used to construct fuzzy rough sets for crisp sets of the universe too. A comparison of the two approaches can also be found in [8] . A different integration view is realized in the theory of rough fuzzy sets [7] . We also note that as Yao presented in his work [7] , rough fuzzy sets are special cases of fuzzy rough sets as defined by Dubois and Prade.
The main application area of the fuzzy rough set theory relates to optimisation of knowledge engineering algorithms. Regarding the data preprocessing phase, the fuzzy rough set models are used mainly for attribute reduction [9] , [10] . The main benefit of this approach, that fuzzy-rough feature extraction preserves the meaning, the semantics of the selected features after elimination of the redundant attributes. The FRFS method works with discovering dependencies between the elements of the attribute set. The fuzzy rough set model can also be used for general data mining operations, like clustering or classification in the case of uncertain input domains [11] .
The main focus of this paper is on fuzzy rough sets (representing a combination of the notions of rough set and fuzzy set), meaning that we examine crisp sets as reference set in a fuzzy approximation space. In [7] other two cases are discussed as well: rough fuzzy sets, which use fuzzy reference sets in a crisp approximation space, and a more general case that uses fuzzy reference sets in a fuzzy approximation space. The properties of the latter are also examined in [12] , where an application in query refinement is also presented.
Let (U, R) be a fuzzy approximation space, where U is the universe and R is a fuzzy equivalence relation defined by a mapping µ R :
A fuzzy equivalence relation is a reflexive, symmetric and transitive fuzzy relation. Since we are considering fuzzy relations, reflexive property means that µ R (x, x) = 1 for every x ∈ U and symmetry means that µ R (x, y) = µ R (y, x) for every x, y ∈ U . Furthermore, a fuzzy relation is transitive if
Now, let A ⊆ U be a crisp set. A fuzzy rough set with reference set A is defined as a pair of two fuzzy sets corresponding to A [7] . The lower approximation of A is given by the membership function
and the upper approximation of A is given by the membership function
It is easy to check that
where 1 stands for the constant 1 mapping on U (Notice that sup ∅ = 0, inf ∅ = 1, and µ R (x, x) = 1, for any x ∈ U .) The fuzzy rough set corresponding to the crisp set A is the pair
We know that the set of all rough sets in approximation space (U, R) form a lattice structure with several interesting properties (see e.g. [2] , [3] , [4] , [13] ). The goal of this paper is to examine the structure of fuzzy rough sets for such favorable properties and draw a comparison to the case of traditional rough sets.
Preliminary observations
Let R be a fuzzy relation with a mapping µ R :
Clearly, S R is a subset of the interval [0, 1]. We say that a fuzzy relation R has a dually well-ordered spectrum, if any nonempty subset of S R has a maximal element. This is equivalent to the fact that for any x ∈ U and any crisp set B ⊆ U , B = ∅ there exists at least one element m x ∈ B such that
Observe that this is the case when the spectrum S R of R is a finite set. Clearly, if R has a dually well-ordered spectrum, then for any crips set A U ,
A similar approach in case of finite (crisp) base sets can be found in [14] , for decision attributes of decision tables in order to introduce distance measures on fuzzy rough sets. As we pointed out previously the fuzzy rough set corresponding to a crisp set A is a pair of mappings
. Let us denote the collection of these pairs by RS(U, R), i.e. let
The elements of RS(U, R) can be ordered by component-wise order as follows:
obtaining a poset (RS(U, R), ≤) with least element (0, 0) and greatest element (1, 1). We will prove that for any fuzzy equivalence relation R with a dually ordered spectrum, this poset is a complete lattice.
For any number α ∈ [0, 1], the crisp relation
Now we prove
Lemma 1. For any y ∈ [x] E , and for each z ∈ U we have µ R (z, x) = µ R (z, y).
Proof. Since R is a fuzzy equivalence on U and (x, y) ∈ E, we can write:
Now, let S be the support of the fuzzy equivalence relation R with membership function µ R , i.e. let
It is trivial that S is reflexive and symmetric. Now, assume that (x, y) ∈ S and (y, z) ∈ S for some x, y, z ∈ U . This means that µ R (x, y) > 0 and
meaning that S is an equivalence relation. As before, the Sequivalence class of an element x will be denoted by [x] S .
Using the above defined crisp equivalence relations E ⊆ U × U and S ⊆ U × U , we can assign (crisp) rough sets to any reference set A ⊆ U , by defining its lower and upper approximation with respect to E or S:
In other words, assertions (i) and (ii) in Lemma 2 mean that A E is equal to the core of the fuzzy set corresponding to µ [A] R , while A E is equal to the support of the fuzzy set corresponding to µ [A] R . Similarly, (iii) and (iv) mean that A S is equal to the support of the fuzzy set corresponding to µ [A] R , while A S is equal to the core of the fuzzy set corresponding to
Since R has a dually well-ordered spectrum, this means that max{µ R (x, y) | y ∈ A} = 1, i.e. there exists an element
Hence x ∈ A E , and this proves (ii).
(iii) Assume that x ∈ A S . This can only be if there exists a y m ∈ A such that µ R (x, y m ) > 0. However, this implies that
By the definition of S, it follows that for every
Main results
Proposition 1. Let R be a fuzzy equivalence on U with a dually well-ordered spectrum and E :
In order to prove the converse inequality, consider the value
In what follows, denote as usually by (RS(U, E), ≤) the lattice of rough sets defined by the equivalence relation E. Theorem 1. Let R be a fuzzy equivalence on U with a dually well-ordered spectrum. Then (RS(U, R), ≤) is a complete lattice isomorphic to (RS(U, E), ≤).
Proof. For each (crisp) rough set A E , A E ∈ RS(U, E) we will assign the fuzzy rough set corresponding to the crisp set A, i.e. the pair
Observe, that the function
In addition, f is order-
for any x ∈ U . Now, in view of Lemma 1, we obtain:
and this proves that f is an order-isomorphism. Since (RS(U, E) , ≤) is a complete lattice, we obtain that (RS(U, R), ≤) is also a complete lattice isomorphic to (RS(U, E), ≤).
As an immediate consequence we obtain [2] [3] [13]:
Corollary 1. If R is a fuzzy equivalence on the set U with a dually wellordered spectrum, then (RS(U, R), ≤) is a completely distributive regular double Stone lattice. Table 1. shows the lower and upper approximations of fuzzy relation R and the (crisp) equivalence relation E. Figure 3 . shows the Hasse-diagram of the lattice (RS(U, R), ≤). Whenever the membership function of the lower (upper) approximation is the same for all elements of the universe, only a single value is written in the corresponding cell in Table 1 . Otherwise, the cell is split up into five values for every element of the universe. Similarly, the lattice shown on In regular rough set theory, a rough set is called exact if the lower approximation and the upper approximation of the set are equal (they are also equal to the set itself). This definition can be extended to fuzzy rough sets. A fuzzy rough set defined by the fuzzy equivalence relation R is exact if for every
The following proposition describes the relationship between exact fuzzy rough sets and the support of the fuzzy equivalence relation. 
So we obtain in this case that
Then µ R (x, y) = 0 for every y ∈ A. Thus we have,
Hence in this case we obtain
because µ R (x, x) = 1 and µ R (x, y) ≤ 1 for all y ∈ A. As a consequence, µ R (x, y) = 0 for all y / ∈ A, otherwise the right side would be strictly less than 1.
Assume (x, y) ∈ S, i.e. y ∈ [x] S . Then, µ R (x, y) > 0 by definition of S, so y / ∈ A is not possible. Thus, we get y ∈ A and this implies x ∈ A S . Hence, A = A S . Then A S = (A S ) S ⊆ A implies A S = A. Thus, we obtain A S = A S = A. Hence we also proved that
The next corollary is an immediate consequence of the above proof.
Corollary 2. Let R be a fuzzy equivalence on the set U , S be the support of R and let A ⊆ R be a crisp set on U . Table 4 . shows the three sets for which this relation yields exact sets as lower and upper approximations for R and for S (the support of R).
Remark 1.
It can be verified that the containment relationship between a base set A and its fuzzy rough approximations is similar to the containment relationship between the base set and its crisp rough approximations, namely:
An important simple case should also be discussed: when we have imperfect information and we are uncertain about setting up the relation. In this simple case, the relationship between two elements can have three possibilities: the elements are certainly related; the elements are certainly not related; the elements might be related, but we are uncertain. We model this with a fuzzy relation R, for which The lower and upper approximations of this special case can be characterized according to the following proposition.
Proposition 2. Let R be a fuzzy equivalence relation on universe U , such that µ R (x, y) ∈ {0, 1, 1 2 } for every x, y ∈ U . Additionally, let A be a (crisp) subset of U . Then the membership function of the lower and upper approximations of R can be given as Remark 2. It is important to mention that the value of 1 2 is chosen here because it is halfway through being certainly related (included) and certainly not related (not included). However, this model could also be represented by using any value α ∈ (0, 1) instead of 1 2 .
Conclusions and further work
In this paper, we examined the lattice of fuzzy rough sets corresponding to a fuzzy equivalence relation R. We also investigated the relationship between the core/support of the approximations of a fuzzy rough set and the (crisp) approximations corresponding to the core/support of R. We have shown that the lattice of fuzzy rough sets is isomorphic to the lattice of rough sets corresponding to E, the core of R. We also proved that the membership function of an exact fuzzy set (where A ⊆ U is a crisp set and µ [A] R (x) = µ [A] R (x) for every x ∈ U ) is the same as the characteristic function of a (regular) exact set corresponding to S, the support of R.
We can extend the investigation of the E-based approximation to the αcut E-approximation. The related E α crisp relation for different α-levels can be defined in the following way:
It is known that E α is also an equivalence relation whenever R is a fuzzy equivalence. Then we can give the following result:
